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In this paper we develop a new semianalytical approach to quantifying the density profile of
outer dark matter halos, motivated by the remarkable universality those profiles, for a wide range
of dynamical parameters of the inner halos. We show that our minimalist model is robust under
significant variations of its input parameters around the currently known values and we identify the
turnaround radius as the most important scale of the problem. Based on that observation, we argue
that the turnaround radius accurately represents the transition to the external density profile, and
we provide a universal test based on geometrical characteristics of the outer profile as a proposal
for measuring the turnaround radius of structures.
PACS numbers:
I. INTRODUCTION
The advent of studies in the field of the formation of
structures in our universe was a milestone in cosmology.
Analyzing the way structures evolve in time and their
state when they finally reach equilibrium can provide
most unexpected insights into the state of the universe.
One of many widely discussed problems in cosmology
is the problem of the definition of a structure. In general,
due to hardships posed by the non-linearity of Einstein’s
equations, the lack of a globally accurate description of
the so-called ”dark matter”, but most importantly by
the complexity of many-body problems in general rela-
tivity, defining a structure has been non-trivial. Many
notions regarding a structure are ill-defined. Even when
the structure is in equilibrium, there is no concrete way
of determining the boundaries of a structure (see [9] and
[10] for a detailed discussion). Consequently, measuring
the total mass of a cosmological structure is also a poorly
defined problem. In this context, other measurable quan-
tities such as the density profile and the average radial
velocity profile become important.
More specifically, the mass of a structure is a diffi-
cult quantity to define experimentally. In principle, it
is easy to imagine that the mass of a structure corre-
sponds to the mass of the maximum number of objects
we can include in the structure that form a gravitation-
ally bound system. As simple as this definition may
seem, the lack of accurate information on the velocities
and relative positions of the constituents of the structure
demonstrates the difficulty of implementing the definition
directly. Even theoretical calculations pose difficulties,
due to the innate complexity structures exhibit as many-
body systems. The result of those difficulties is that the
prevailing physical scales used to describe structures are
not always suitable for all kinds of phenomena. The ne-
cessity of accurate description of structure formation has
therefore led to various proposals of scales which depend
on the velocity or density profiles, which can substitute
ambiguous concepts used up to present day.
The first exact estimate for the density profile of a
structure came from the pioneering work of Gunn & Gott
(1972), who utilized the spherical top hat model in order
to approach in a simple way a highly non-linear problem.
Since then and in the following few decades the field has
known significant advancements. Earlier work in these
steps was primarily focused on the density profiles of the
innermost regions of structures as in [11]. Progress in
calculating the density profile of the outskirts of struc-
tures has been made only fairly recently. Furthermore,
in the absence of observations for outer regions of ha-
los, most effort was put in interpreting results for the
innermost regions. However, these regions nowadays can
be effectively probed by virtue of several methods (see
[12]) , thus necessitating the theoretical interpretation of
existing observations.
Numerical simulations, such as the ones presented by
Diemer & Kravtsov (2014), proved that the outskirts
of simulated halos exhibit strong deviation from the
commonly used density profiles of inner regions (NFW,
Einasto), which manifests itself through a steep drop in
the power law locally describing the density profile over a
narrow interval of radii. Additionally, their simulations
revealed that the radial density profile tends to evolve
almost self-similarly in time. Although it has been con-
firmed that there are several universal scalings related to
external profiles, their physical significance and role are
yet to be specified, since such studies along with semi-
analytical treatments cannot reveal whether this appar-
ent universality is a well-established consequence of some
physical aspect of the system. Characterization of halos
has not been an easy task to tackle, there is no rule of
thumb for picking out the best criteria for detecting den-
sity peaks , and inevitably results ,especially concerning
halo counting purposes, differ from author to author, de-
pending on their particular choice of definition scale. For
a discussion and comparison between several halo simu-
lation algorithms see [13].
Another issue is that the most important and actual
physical changes in the behavior of the matter density
2profile of structure happen at lengths which are not de-
scribed well by the standard scales used for the analysis
of structure formation. Aanalysis of the spherical top hat
model gives a concrete result for the radius of virializa-
tion of an idealized structure and predicts no other sig-
nificant length scale for its density profile. More detailed
cosmological simulations however contradict this result,
proving that structures are far more complex, both inside
and outside the virial radius. Important characteristics
of the structures, such as peaks and second order critical
points of the density profile, tend to appear around the
virial radius, but also at greater distances, see [5] and
[14].Recent results [16] have shown that a reasonably ro-
bust choice of scale that distinguishes between regions
where accretion is happening is the splashback radius,
and that this transition manifests itself as a steep drop
in the logarithmic derivative of the density profile.
In the light of these considerations, several related
questions arise: Does the category of spherical collapse
models suffice for the description of radial density pro-
files of structures at large radii, where effects of non-
sphericities are minimal? If that is true, could it possibly
succumb to analytical methods and produce a prediction
for the density profile of structures outside their virial ra-
dius that agrees with simulations? What physical mech-
anisms dictate the special characteristics of the external
matter profiles? Is there any chance outer halo profiles
are universal for all types of structures? Finally, at a
more practical level, is there an easy and intuitive way
for an experimenter to determine useful physical lengths
of a structure, assuming that he is able to measure the
outer radial density profile of a structure?
In this paper we calculate analytically the post virial-
ization equilibrium density pro
le of a spherically evolving structure, which is assumed
static. This analytical treatment is aimed at being rea-
sonably accurate a considerable distance away from the
center of collapse. We intend to draw conclusions from
this treatment about the universality of the external mat-
ter profiles and determine explicitly on which parame-
ters of the collapse they depend on. Also, we show that
the scale that signifies the transition to the outer halo
is no other but the well known turnaround radius of the
overdensity. Finally, we propose a fitting function in the
range of distances we are interested in, along with the
best fit parameters of our approximate approach.
The paper is organized in three sections. In Section 2
we set up the idealized problem using arguments related
to spherical symmetry. In Section 3 we derive analyti-
cally the halo density profile functional form. In Section
4 we present our results and discuss their implications,
by comparing them to results of simulations.
II. SETUP
We consider at some early initial time, a background of
a homogeneous and isotropic Ωm +ΩΛ = 1 universe and
at some point in space a spherical homogeneous struc-
ture of initial overdensity δp =
ρp−〈ρ〉
〈ρ〉 ≪ 1. In order to
construct a spherical evolution model able to produce a
radial density profile which evolves in time as well, we
divide space into shells. Each shell is assigned its own
average overdensity and subsequently evolves as a sepa-
rate Friedmannian universe, affected only by the mass it
encloses. This procedure is expected to produce a radial
density profile of the structure the initial perturbation
induces around it, at each future universal cosmological
time, or equivalently at each value of the scale factor a of
the initially unperturbed universe. In the following, we
will not consider shell crossing, as shell crossing will be
of limited spacial extent. Our solution therefore is appli-
cable only to radii outside the relaxed structure as well
as the region of active accretion and mass redistribution.
First we would like to assign an average overdensity to
each shell. We define the average density at the initial
time considered as the total mass inside the shell over the
volume of the shell at radius r, and its average true over-
density denoted by 〈δ〉(r, ai) and defined by an analogous
relation 〈δ〉(r, ai) =
〈ρ〉(r,ai)−〈ρ〉
〈ρ〉 is found to be:
〈δ〉(r, ai) = δp
(rp
r
)3
, (1)
where rp for the initial radial extent of the perturbation.
To derive this relation we have taken into account that
the rest of the universe outside the perturbation has the
same density everywhere, 〈ρ〉, inside the overdensity mat-
ter density is ρp and we had the following simple relations
in mind, which can be derived if one keeps track of the
total mass contents of the shell:
ρp
4
3
pir3p = mp
〈ρ〉(r, ai)
4
3
pir3 = m
〈ρ〉
4
3
pi(r3 − r3p) = m−mp,
We would like to recast equation (1) in terms of the
mass inside the shell m and the mass of the perturbation
mp only. This will be helpful since the mass inside each
shell turns out to be an integral of motion if we enforce
our no-crossing assumption. Combining equation (1) and
the three relations we find that:
〈δ〉(r, ai) = δp
mp
m
1
1 + (
m−mp
m )δp
(2)
For typical values of the overdensity of the initial seed
δp = 10
−3 and noting that outside the perturbation
3m−mp
m < 1, by making an error of order δp we obtain
to first order:
〈δ〉(r, ai) = δp
mp
m
(3)
The linearized overdensity field is defined as the solution
to the linearized equations governing the phenomenon.
Our intention is to establish a relation between the true
and linear overdensity field, since calculating the linear
one is much easier. Again,defining the average linear
overdensity as before ˜〈δ〉(r, a) and using the fact that it is
proportional to a growth factor D(a) given by [2] (D18)
we can easily prove that, since linear and true overdensi-
ties are identical at early times :
˜〈δ〉(r, a) = ˜〈δp〉(a)×
mp(a)
m
(4)
which means that to calculate the linear overdensity at
any epoch we need only monitor the evolution of the over-
density itself. What remains to be done after that is to
link the values of true and linear overdensities to find the
true overdensity, which is the quantity of interest. We
would like to note here that the mass inside the core of
the structure mp is also an integral of motion ,at least for
as long as radial infall has not commenced. In that par-
ticular case the epoch dependence drops out completely
from the mass of the perturbation.
III. FORMALISM
It is inevitable that inside the overdensity, the sur-
rounding mass shells will eventually start to fall to the
center of the structure. At the time shell crossing takes
place, especially around the time that the perturbation
formally collapses to a singularity, virialization will be-
gin to occur inside the structure through 3-body interac-
tions, forcing infalling particles to attain non-zero angu-
lar momentum. For our model we will assume that the
virialization of the structure happens exactly at the time
of the formal collapse of the structure into a singularity.
We will make the approximation that the structure re-
mains virialized at all times, in order for us to be able
to consider average spherical symmetry inside the struc-
ture. Real structures of course evolve differently due to
the evolution of their inner core, which is responsible for
all kinds of accretion and non-sphericities appearing in
more detailed analyses. This assumption of equilibrium
therefore is a primary source of error in our treatment.
Now, for the epoch of virialization, we would like to
obtain the radial density profile of the halo of the struc-
ture. We expect that this profile will be the steady-state
profile of the outer halo of any virialized structure in the
universe. We define the epoch for which the radius of
the perturbation first vanishes to be the collapse time,
acoll. In principle, we could obtain the radial density
profile by exploiting the integrability of a ΛLTB model.
This would result in an expression for the density pro-
file involving vacuum integrals. However we would like
to pursue a semianalytical method for determining the
radial density profile at the time of virialization.
Applying relation (4) at the time of collapse (or virial-
ization equivalently) we find that:
˜〈δ〉(m,mp, acoll) = δ˜c(acoll)
mp
m
(5)
where δ˜c stands for the value of the linearly extrapolated
overdensity at the time of collapse.
In order to be able to make a measurement at the
epoch of virialization,we must extract the linearized over-
density as a function of the comoving observer distance
R(r, acoll). Using equation (A8) we solve approximately
for the true overdensity(we suppress all dependences but
the ones referring to a specific shell):
〈δ〉(m) =
(
1−
〈δ˜〉(m)
δ˜c
)−δ˜c
− 1 (6)
Now we are able to find the true density contrast assigned
to each shell as a function of the mass m inside the shell
and also the average density inside:
〈δ〉(m) =
(
1−
mp
m
)−δ˜c
− 1 (7)
〈ρ〉(m) = ρ(acoll)
(
1−
mp
m
)−δ˜c
(8)
where ρ(acoll) is the density of the unperturbed universe
at the epoch of virialization. Since the mass inside the
shell of comoving radius R is an integral of motion, by the
definition of the average density we assigned to each shell,
we can find R(m), the radius of the shell as a function of
the total mass it contains:
m = 〈ρ〉
4
3
piR3(m)
R(m) =
(4
3
piρ(acoll)
)− 1
3
m
1
3
(
1−
mp
m
) δ˜c
3
(9)
Finally, to replicate the density profile of the structure, it
will suffice to find the density as a function of shell mass
content m, which will replace equally well the distance
from the origin as the varying parameter.
Utilizing the definition of the total mass content of a
shell one can show that:
ρ(m) =
1
4piR2(m)dR(m)dm
from which, using equation (9), we obtain the desired
result:
ρ(m) = ρ(acoll)
(
1−
mp
m
)1−δ˜c 1
1 + (δ˜c − 1)
mp
m
(10)
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FIG. 1: Plot of the logarithmic slope of the density profile,
based on equations (11) and (12). By comparison with the
simulations of [5] all structures, regardless of their specific
parameters, have the same profile at about the turnaround
radius at the epoch of virialization. After the second vertical
dashed line, which represents the turnaround radius, we ex-
pect that all structures will exhibit the same radial profile as
in our plot. We expect our model to be valid in that range,
but not any closer than the turnaround radius.
Defining X = mmp and the length L =
(
3mp
4piρ(acoll)
) 1
3
we
obtain the parametric equations for the density profile as
functions of X :
ρ(X) = ρ(acoll)
(
1−
1
X
)1−δ˜c 1
1 + (δ˜c − 1)
1
X
(11)
R(X) = LX
1
3
(
1−
1
X
) δ˜c
3
(12)
Relations (11) and (12) are the main results of our
model.
IV. RESULTS
The density profile we obtain from the above equations
has subtle characteristics, which can only become appar-
ent if we draw the logarithmic slope of the graph versus
distance as in Fig. 1. As expected, our simple model,
which does not take turnaround into account, presents us
with a smoothed out but also non-trivial density struc-
ture of the surrounding universe.
First of all, we notice that the logarithmic slope of the
density profile approaches asymptotically as X → 1 a
well-defined limit:
lim
X→1
d(ln ρ)
d(lnR)
= 3
1− δ˜c
δ˜c
≈ −1.2,
where the linear overdensity at the time of virialization is
chosen to be δ˜c = 1.675, which is the value theoretically
predicted by the spherical collapse model, when the ac-
cepted values ΩΛ = 0.7,Ωm = 0.3 of the contents of our
Universe are taken into account.
This limit depends only on the cosmology of the uni-
verse where the perturbation is embedded, and the spe-
cific properties of the model employed, and in this ap-
proximation independent from the mass and radius of
the virialized structure. Therefore we reach the conclu-
sion that this limit exhibits universality in the sense that
any spherical accretion instance, regardless of the initial
conditions (mass and overdensity of the perturbation),
will result in a power law density profile near the edge of
the perturbation. The power law will be approximately
ρ ∼ r−
6
5 if we correctly assumed that the virialization
epoch of the structure is the same as the epoch of for-
mal collapse in the spherical top hat model. If we take
shell crossing into account, we may expect that due to
extensive mass accretion, this law will steepen near the
structure. We stress out at this point that our model is
not expected to give accurate results for the region over
which the limit is taken, however we present this behavior
as representative of the universality of the model.
Comparing the resulting logarithmic slope we calcu-
lated with simulations of Diemer & Kravtsov [5] for the
same physical quantity, we observe that all halos they
present, independently from the parameters that charac-
terize their accretion rate, or peak height, are described
more or less by the same profile in their outer regions.
In sufficiently long distances, and in particular when
R ≃ Rta, most halos, and in particular older ones, which
are denser in the center, begin to look the same.
These observations lead us to the conclusion that the
virial radius is not the only scale one needs for describ-
ing a structure. That is evident in [6] where the static
region of a cluster-sized structure usually appears sev-
eral virial radii away. Gradients in the density field tend
to appear even farther away. Although halos feature a
wide range of evolution patterns, depending on initial
conditions, the density profiles bear striking similarities
as one moves to their outskirts. The turnaround radius
of the structure seems to be strongly signifying the tran-
sition to the external parts of a halo, which fact renders
it the dominant physical scale in that region. All this
evidence is in support of an almost universal profile for
outer halos and in the limit of perfect sphericity, our
model should be valid. Let us emphasize here that the
turnaround radius is located far away from any active ac-
cretion events, as for the overwhelming majority of struc-
tures, any significantly accreting region exists approxi-
mately within 2 virial radii away from the center. The
accuracy of the model is affected by the non-sphericities,
which are most prominently present in newer structures,
5which have not yet virialized and restored maximal sym-
metry in their structure. Another significant source of
error in our model is the assumption of equilibrium, or
in other words, the fact that we assume that there is
no shell crossing. This assumption effectively decouples
the interior from the exterior, and thus we end up ne-
glecting matter splashback towards the exterior. Most
notably, splashback creates primary and secondary dips
in the density profile that make it globally steeper, es-
pecially for heavily accreting halos. The more active the
interior is, the more our model loses predictive power of
the density gradient, even at distances as far as 5Rvir for
active halos. However, the niche of this treatment is in
that the prediction of the inflection point is robust, and
as shown in simulations done by the previous references,
almost universal. This opens up the possibility of using
the inflection point appearing in the profile as an indica-
tor of the transition to the halo exterior and a device of
measurement of the turnaround radius.
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FIG. 2: Plot of our model for a number of different cosmolo-
gies. The model obviously exhibits insensitivity to the probed
range of cosmologies. The outer halo profiles for each cosmol-
ogy are very similar, especially closer to the edge of the struc-
ture. This implies that outer halo profiles seem to be a good
choice of a universal way to obtain information for structures.
From the plots of Fig. 2 we can see that the varia-
tion of the outer profile with respect to the cosmology is
obviously small. The outer halo density profile is insen-
sitive to a very wide range of CDM contents. This fact
solidifies the evidence we have for the universality of the
profiles under question but it also prevents the use of in-
formation from outer halo profiles as an indicator of the
ambient cosmology. Note however that in the context of
the spherical collapse model, the size of the turnaround
radius as a function of the structure’s mass (see Eqn. A9)
can be used as a discriminator of cosmology due to the
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FIG. 3: Comparison of the proposed fitting curve with the ac-
tual model. The best agreement between the two is achieved
in the range 4−10R200 . The length scale inserted in the error
function is R0 = 1/α = 1.13R200 .
dependence of the true overdensity at turnaround on it.
This universality allows us to introduce a setup that
can help experimentalists calculate easily some charac-
teristic length scales of the halo, using only our profile.
In its range of applicability, our profile exhibits an in-
flection point. This inflection point can be used as an
indicator from which we can calculate all physical scales
of interest. The position of an inflection point can be
inferred with decent accuracy from observational data
due to its geometrical nature. Here we should stress out
however that the position of the inflection point depends
critically on the way the function is plotted. That means,
that the inflection point depends on the metric function
of the distance axis. In order to achieve agreement, we
will find the inflection point for a logarithmically and a
linearly plotted distance axis.
After calculating the second logarithmic derivative of
Fig. 1 we find that the inflection point is to be found by
solving the equation:
2X2c − (2δ˜c + 1)Xc + (1 − δ˜c) = 0
Solving the equation, we have, taking into account the
value of the linear overdensity at the time of collapse
just like before, and then plugging in the corresponding
overdensities for the time of turnaround:
Xc = 2.007, Rta = 0.506Rc (logarithmic plot) (13)
For reference, we also give the corresponding rule for the
linear plot:
Xc = 1.448, Rta = 0.739Rc (linear plot) (14)
6These calculations have been made for structures to-
day, at redshift z=0. But what happens as we move
back in time? As the redshift of a structure increases,
its turnaround radius changes according to the spherical
collapse model. An exact relation between true and ex-
trapolated overdensities would also involve some kind of
dependence on cosmological time. In our approximate re-
lation, we consider that redshift dependence is weak and
therefore negligible. Thus, the only change that takes
place with redshift is the value of the turnaround radius
each virialized structure possesses. This induces an easily
calculable change to the relative position of the inflection
point of the radial density profile (which remains con-
stant in time) and the turnaround radius, which changes
upon redshift variation.We present a graph that illus-
trates the variation of this relative position with differ-
ent redshift values. For testing structures of different
redshifts, the correct value has to be taken from the plot
of Fig. 4 in order to estimate properly the turnaround
radius.
The parametric equations derived for this profile seem
to be difficult to manipulate for fitting purposes, and
therefore we propose an analytical formula for modelling
the halo. We found a two parameter model, presented in
Fig. 3 which agrees at the 5% level with the logarithmic
slope for a wide range of distances.
d ln ρ
d lnR
= 1.2((erf(αR))β − 1) (15)
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FIG. 4: The variation of the ratio of the turnaround to in-
flection point radius with redshift is presented. The red curve
represents the relative position of the two radii for a logarith-
mic plot of the density profile, and the green curve for a linear
plot.
with the best fitting coefficients being:
α = 0.151, β = 1.513
V. DISCUSSION
In this paper we have presented an analytical form for
the radial density profile of the outskirts of a spherically
symmetric structure at its time of collapse. We made
use of the spherical collapse model and successful empir-
ical relations between true and linear overdensity fields of
such an object and our analysis revealed that in this ap-
proximation all structures appear similar in their outer
parts. This justifies the apparent universality seen in
simulations of external halo matter profiles on theoreti-
cal grounds. Also, it emphasizes the very important role
played in structure formation by the turnaround radius,
itself being the particular scale the outer halos remember
about in their dark energy dominant phase of evolution.
The physical mechanisms that lie in the roots of this
phenomenon are illuminated. The turnaround radius of
the core of the structure is the dominant length scale
that signifies the transition to regions where mass infall
becomes significantly weaker, and eventually the struc-
ture’s halo constituents joins the Hubble ow. We use the
geometrical features of our profile as a way of determin-
ing significant radial scales of a structure and stress out
the insensitivity of the outer halo profile to the ambient
cosmology. The close relation between the turnaround
radius and those geometrical features provides us with
a universal, redshift dependent probe based on spotting
the critical point of the outer halo density profile, that
allows us to calculate the turnaround radius of a given
structure from experimental data.
Finally, we find an analytical empirical relation de-
scribing the slope of the density profile at 5% accuracy
in the desired range of radii.
In general, the range of applicability of our analysis
is limited by a number of factors: 1) Deviations from
spherical symmetry which are more prominent before
virialization and in smaller structures, 2)radial infall and
therefore shell crossing occuring around the virial radius,
which alters the way mass is distributed in the halo, and
3)pressure gradients which may occur if individual cos-
mological masses are subject to forces caused by any kind
of interactions at zero temperature, such as the ones a
barotropic fluid introduces. Our solution refers to a fluid
which exerts no force to anything, but noone guarantees
that a cosmological fluid behaves in this manner.
Despite the numerous limitations the class of ΛCDM
models exhibits, our assumptions are not one of them.
Discussion and justification of the approximations in the
appendices to follow aims to provide clarity and math-
ematical rigor. We will be striving for better under-
standing of the aforementioned issues and obtaining fur-
ther qualitative and quantitative information about more
complicated models in future work.
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Appendix A: the spherical collapse model
We would like to begin by stating the e quation of
motion we obtain for a single perturbation by applying
the spherical collapse model:
(dap
dt
)2
= H20Ωm,0
ωa3p − κpap + 1 + δ0
ap
(A1)
,where δ0 represents the initial overdensity of the per-
turbation, and the value of κp dictates the nature and
intensity of the curvature of space inside the perturba-
tion. This quantity and ω are related to initial conditions
by the following relation:
κp = (1 + δ0) + ω −
(Hp,0
H0
)2
, ω =
ΩΛ,0
Ωm,0
(A2)
This equation can be slightly modified by setting a˜p =
ap(1+ δ0)
−1/3 and κ˜p = κp(1+ δ0)
−2/3, so that it can be
handled more easily:
(da˜p
dt
)2
= H20Ωm,0
ωa˜3p − κ˜pa˜p + 1
a˜p
(A3)
Finally, the equation of expansion of the surrounding
universe is given by:
(da
dt
)2
= H20Ωm,0
ωa3 + 1
a
(A4)
It will be useful to eliminate time measured by the
clock of the comoving observer in favor of the cosmolog-
ical time defined by the scale factor of the surrounding
universe, to obtain the result:
(dap
da
)2
=
a
ap
ωa3p − κpap + 1 + δ0
ωa3 + 1
(A5)
If we want to create a radial density profile for the
structure instead of studying the evolution of the per-
turbation boundary alone, we construct an equation of
motion for every mass shell into which we divide the uni-
verse outside the perturbation. We do not consider what
happens inside the perturbation. It is true that initially
the perturbation will continue to be homogeneous during
its expansion, as expected, but after infall commences,
there is a possibility that shell crossing will occur and
the density profile of the perturbation itself will change
inside it. Here we will state an equation of motion for
the scale factor of each shell, denoted by G(r, a), which
is valid before turnaround:
(dG
da
)2
=
a
G
ωG3 − κ(r)G+ 1+ δi
(
rp
r
)3
ωa3 + 1
(A6)
where by use of the initial overdensity assigned to each
shell, given by equation (1) we find that:
κ(r) = 1 + ω −
(
H0(r)
H0
)2
+ δi
(rp
r
)3
(A7)
The physical size of each shell at any given time is
R(r, a) = rG(r, a) and the quantity H0(r) represents the
initial expansion rate of each shell. The preceding equa-
tion can also be recast into the standard form of equation
(A4) by similar scaling arguments as before.
This model is insufficient in describing spherical col-
lapse when shell crossing occurs, since in that case the
mass each shell encloses begins to gradually change, and
thus the evolution is no longer similar to an independent
Friedmannian Universe. Further exploration of models of
spherical collapse reveal caustics in particle trajectories
as in [7].
Furthermore, we would like to note that the essence
of this semianalytical treatment is based on an empir-
ically derived analytical relation, reliable on the 5 %
level in the desired range of overdensities. It allows
us to translate analytical results from linear theory into
statements about a non-linearly evolving structure. We
used the relation stated in [2] and also in earlier works
(Sheth 1998).Explicitly, the following relation between
linear and true average overdensities of any mass shell
has been verified:
δ˜a = δ˜c
(
1− (1 + δa)
)−1/δ˜c
(A8)
In the treatment above, any characteristic length scale
of the structure denoted by ”x” is determined by the
following equation:
mp = ρ(acoll)(1 + δx)
4
3
piR3x (A9)
One can calculate the true overdensity of the structure
at the time corresponding to the specific length scale by
manipulating the corresponding spherical collapse model
of equation (A5).
Appendix B: an exact treatment using the LTB
model
The LTB model is the most general spherically sym-
metric dynamical solution to the Einstein equations for
a pressureless perfect uid in a universe with non-zero
8cosmological constant, which is known to be completely
integrable up to quadrature. It must be the case that
more general spherically symmetric solutions exist, that
allow for the formation of an event horizon. Elaborat-
ing on the LTB formalism offers a rough view on the
conditions required for our approximation to hold. We
expect this model to be capable of describing structure
formation/expansion in intermediate, non-violent stages
of their evolution on grounds of its generality and the
fact that structures, although they are relatively small
many-body systems, dark energy dominates their evolu-
tion enough[15], so that a pressureless perfect fluid de-
scription will capture the general picture of their evolu-
tion.
The Lemaitre-Tolman-Bondi metric ansatz is given by
an expression of the form:
ds2 = −c2dt2 +X2(r, t)dr2 +A2(r, t)(dθ2 + sin2 θdφ2)
(B1)
As one can easily see, this ansatz for the metric does
not allow for the formation of a black hole event hori-
zon since the gtt component of the metric tensor is never
zero. As we will later see, assuming the universe only
contains pressureless dust trivializes the radial evolution
of the density profile as well, in the sense that the radial
variation of the density profile shares the same general
characteristics (discontinuities, asymptotics etc.) with
the initial density profile we started with.
The stress-energy tensor is simply:
Tµν = (ρ+ p)uµuν + pgµν (B2)
where ρ is the total mass density of any matter con-
stituents present and p is the pressure. Because of dark
energy, the pressure is non-zero, and equal to −ρΛ =
− Λc
2
8piG . By manipulating the Einstein equations we ob-
tain the following sufficient set of equations:
A˙2
A2
+
k(r)
A2
=
G(r, t)
A3
(B3a)
2
A¨
A
+
A˙2
A2
+
k(r)
A2
= −8pip (B3b)
∂p
∂r
= 0 (B3c)
∂ρ
∂t
+
( X˙
X
+
A˙
A
)
(ρ+ p) = 0 (B3d)
X =
∂A/∂r√
1− k(r)
(B3e)
where k(r) is a suggestively written constant of integra-
tion to be determined by the initial conditions and the
function G obeys the equation:
dG = −8pip(t)A2
∂A
∂t
dt+ 8piρ(r, t)A2
∂A
∂r
(B4)
One sees already that this model predicts zero pressure
gradients everywhere within the cosmological fluid, which
sounds unphysical for an inhomogeneous metric like this.
Focusing on the pressureless case we can reduce this
to only one equation that determines the evolution of
A(r, t):
A˙2
A2
+
k(r)
A2
=
F (r)
A3
+
8piρΛ
3
(B5)
where, if an initial condition of a uniformly expanding
universe is assumed, F(r) obeys:
dF
dr
= 8piρMA
2 ∂A
∂r
, ρM (r, t) ≡ ρr,t − ρΛ (B6)
The latter equation justifies our choice to evolve every
shell of the original matter distribution as an indepen-
dent Friedmann-type universe, due to the fact that the
function A(r,t) is not dynamical in the ”radial” variable.
For the sake of clarity, we will define a dimensionless
function a(r, t) = A(r, t)/r which tends to the scale fac-
tor a(t) of the FLRW model.
The interesting question that arises here is how one
determines the evolution of the mass density with time
and how that compares with our model. Assuming a
uniform rate of expansion at the time t=0, this evolution
is simply found, given that the function F in equation
(B6) only possesses radial dependence:
ρM (r, t) =
ρM (r, 0)
a2(r ∂a∂r + a)
(B7)
This shows that our cold dark matter approximation in
appendix A is correct in the limit where the scale factor
is uniform (more rigorously d(lna)/d(lnr) ≪ 1). This
assumption holds to a very good approximation in the
outskirts of the halo of a structure, and is therefore well
justified.
Applying this machinery to a localized uniform spheri-
cally shaped overdensity, of density ρ1 while the ambient
density is lower and equal to ρ2 we find that the descrip-
tion of the growing and collapsing structure is slightly
different than the one we gave in appendix A with the
corresponding curvature parameter reading:
κ(r) ≡
k(r)F (r)
r2
=
1
r3
+
(
ρΛ−
3H20
8piG
) 1
(ρ1 − ρ2)r3i + ρ2r
3
(B8)
However, it is easy to see that this equation becomes
identical to the corresponding one derived in appendix A
away from the structure core.
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